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ALMOST PARA-HERMITIAN AND ALMOST PARACONTACT
METRIC STRUCTURES INDUCED BY NATURAL RIEMANN
EXTENSIONS
CORNELIA-LIVIA BEJAN AND GALIA NAKOVA
Abstract. In this paper we consider a manifold (M,∇) with a symmetric lin-
ear connection ∇ which induces on the cotangent bundle T ∗M of M a semi-
Riemannian metric g with a neutral signature. The metric g is called natural
Riemann extension and it is a generalization (made by M. Sekizawa and O.
Kowalski) of the Riemann extension, introduced by E. K. Patterson and A. G.
Walker (1952). We construct two almost para-Hermitian structures on (T ∗M, g)
which are almost para-Ka¨hler or para-Ka¨hler and prove that the defined almost
para-complex structures are harmonic. On certain hypersurfaces of T ∗M we con-
struct almost paracontact metric structures, induced by the obtained almost para-
Hermitian structures. We determine the classes of the corresponding almost para-
contact metric manifolds according to the classification given by S. Zamkovoy and
G. Nakova (2018). We obtain a necessary and sufficient condition the considered
manifolds to be paracontact metric, K-paracontact metric or para-Sasakian.
1. Introduction
The geometry of an almost para-Hermitian manifold (N,P, g) is determined by
the action of the almost para-complex structure P as an anti-isometry with respect
to the semi-Riemannian metric g in each tangent fibre. The metric g is necessarily of
neutral signature. A classification of the almost para-Hermitian manifolds is made
by C.-L. Bejan in [1]. The geometry of the almost paracontact metric manifolds is
a natural extension of the geometry of the almost para-Hermitian manifolds to the
odd dimensional case. Twelve basic classes of almost paracontact metric manifolds
(M,ϕ, ξ, η, g) with respect to the covariant derivative of the structure tensor ϕ is
obtained by S. Zamkovoy and G. Nakova in [12]. Moreover, in [12] it is shown that
3-dimensional almost paracontact metric manifolds belong only to four basic classes
from the classification and examples for each of these classes are constructed.
Let (M,∇) be an n-dimensional manifold endowed with a symmetric linear con-
nection ∇. Patterson and Walker defined in [6] a semi-Riemannian metric on the
cotangent bundle T ∗M of (M,∇), called Riemann extension. This metric is of neut-
ral signature (n, n) and it was generalized by M. Sekizawa and O. Kowalski in [5, 8]
to natural Riemann extension g which has the same signature. Recently, the metric
g has been studied from different points of view. For instance, Bejan and Kowalski
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characterized in [4] some harmonic functions on (T ∗M,g). In [2] Bejan and Eken
defined a canonical almost para-complex structure on (T ∗M,g) and investigated its
harmonicity with respect to g. In [3] the authors constructed a family of hypersur-
faces of (T ∗M,g) which are Einstein manifolds with a positive scalar curvature.
Our aim in the present work is to obtain new examples of almost para-Hermitian
and almost paracontact metric manifolds. The paper is organized as follows. In
Sect. 2 we recall some notions and results about the cotangent bundle of a man-
ifold and the lifting of objects from the base manifold to its cotangent bundle. In
Sect. 3, motivated from the fact that the natural Riemann extension g on T ∗M
is of neutral signature, we construct two almost para-Hermitian structures (P, g)
and (P1, g1) on T
∗M , where g and g1 are proper and non-proper natural Riemann
extension, respectively. We prove that in the case when M is not flat (resp. M
is flat) both manifolds (T ∗M,P, g) and (T ∗M,P1, g1) are almost para-Ka¨hler (resp.
para-Ka¨hler). Moreover, we establish that the defined almost para-complex struc-
tures P and P1 are harmonic with respect to g and g1, respectively. In Sect. 4
we study a family of non-degenerate hypersurfaces H˜t of (T
∗M,P, g). They are a
generalization of the family Ht of non-degenerate hypersurfaces of (T
∗M,g), intro-
duced in [3]. On a hypersurface H˜t with a time-like unit normal vector field we
define an almost paracontact metric structure (ϕ, ξ, η, g) induced from the almost
para-Hermitian structure (P, g). We determine the classes to which belong the ob-
tained almost paracontact metric manifolds (H˜t, ϕ, ξ, η, g) and give a necessary and
sufficient condition the considered manifolds to be paracontact metric. Also, we
consider the almost paracontact metric manifolds Ht and obtain a necessary and
sufficient condition they to be para-Sasakian or K-paracontact metric.
2. Preliminaries
Let M be a connected smooth n-dimensional manifold (n ≥ 2). The cotangent
bundle T ∗M of M consists of all pairs (x, ω), where x ∈ M and ω ∈ T ∗xM . Let
p : T ∗M −→ M , p(x, ω) = x, be the natural projection of T ∗M to M . Any local
chart (U ;x1, . . . , xn) on M induces a local chart (p−1(U);x1, . . . , xn, x1∗, . . . , xn∗)
on T ∗M , where for any i = 1, . . . , n the function xi ◦ p on p−1(U) is identified with
the function xi on U and xi∗ = ωi = ω
((
∂
∂xi
)
x
)
at any point (x, ω) ∈ p−1(U). The
vectors {(∂1)(x,ω), . . . , (∂n)(x,ω), (∂1∗)(x,ω), . . . , (∂n∗)(x,ω)}, where we put ∂i = ∂∂xi and
∂i∗ =
∂
∂ωi
(i = 1, . . . , n) form a basis of the tangent space (T ∗M)(x,ω) at each point
(x, ω) ∈ T ∗M . The Liouville type vector field W is globally defined vector field on
T ∗M which is expressed in local coordinates by
W =
n∑
i=1
ωi∂i∗.
Everywhere here we will denote by F(M), χ(M) and Ω1(M) the set of all smooth
real functions, vector fields and differential 1-forms on M , respectively.
Now, we recall the constructions of the vertical and complete lifts for which we
refer to [10, 11].
3The vertical lift fV on T ∗M of a function f ∈ F(M) is a function on T ∗M defined
by fV = f ◦p. The vertical lift XV on T ∗M of a vector field X ∈ χ(M) is a function
on T ∗M (called evaluation function) defined by
XV (x, ω) = ω(Xx) or equivalently X
V (x, ω) = ωiX
i(x), where X = Xi∂i.
In [11] it is shown that a vector field U ∈ χ(T ∗M) is determined by its action on all
evaluation functions. More precisely, the following proposition is valid:
Proposition 2.1. [11] Let U1 and U2 be vector fields on T
∗M . If U1(Z
V ) = U2(Z
V )
holds for all Z ∈ χ(M), then U1 = U2.
The vertical lift αV on T ∗M of a differential 1-form α ∈ Ω1(M) is a tangent vector
field to T ∗M which is defined by
αV (ZV ) = (α(Z))V , Z ∈ χ(M).
In local coordinates we have
αV =
n∑
i=1
αi∂i∗,
where α =
∑n
i=1 αidx
i. Hence, identifying fV ∈ F(T ∗M) with f ∈ F(M), we obtain
αV (fV ) = 0 for all f ∈ F(M).
The complete lift XC on T ∗M of a vector field X ∈ χ(M) is a tangent vector
field to T ∗M which is defined by
XC(ZV ) = [X,Z]V , Z ∈ χ(M).
In local coordinates XC is written as
XC(x,ω) =
n∑
i=1
Xi(x)(∂i)(x,ω) −
n∑
h,i=1
ωh(∂iX
h)(x)(∂i∗)(x,ω),
where X = Xi∂i. Therefore we have X
C(fV ) = (Xf)V for all f ∈ F(M).
We note that the tangent space T(x,ω)T
∗M of T ∗M at any point (x, ω) ∈ T ∗M is
generated by the vector fields of the form αV +XC .
3. Almost para-Hermitian structures induced by natural Riemann
extensions
This section deals with para-Hermitian geometry and first we will recall some
basic notions.
An (1, 1) tensor field P on a 2n-dimensional smooth manifold N is said to be
an almost product structure if P 6= ±Id and P 2 = Id. In this case the pair (N,P )
is called an almost product manifold. An almost product structure P on N such
that the eigendistributions of P corresponding to the eigenvalues ±1 of P have the
same rank, is called a para-complex structure and (N,P ) - an almost para-complex
manifold.
A 2n-dimensional smooth manifold N has an almost para-Hermitian structure
(P, g) if it is endowed with an almost para-complex structure P and a semi-Riemannian
metric g such that P is an anti-isometry with respect to g, i.e. g(PX,PY ) =
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−g(X,Y ), X,Y ∈ χ(N). The manifold (N,P, g) is called an almost para-Hermitian
manifold. The metric g is necessarily indefinite of a neutral signature. The funda-
mental 2-form Ω and the tensor field F of type (0, 3) of an almost para-Hermitian
manifold are defined by Ω(X,Y ) = g(X,PY ) and F (X,Y,Z) = g((∇XP )Y,Z), re-
spectively, where ∇ is the Levi-Civita connection of g. The tensor field F has the
following properties:
(3.1) F (X,Y,Z) = −F (X,Z, Y ), F (X,PY, PZ) = F (X,Y,Z), X, Y, Z ∈ χ(N).
A classification of the almost para-Hermitian manifolds is given in [1]. Here we recall
the characteristic conditions of two basic classes of almost para-Hermitian manifolds:
• (N,P, g) is para-Ka¨hler if ∇P = 0 ⇐⇒ F = 0;
• (N,P, g) is almost para-Ka¨hler if dΩ(X,Y,Z) = 0⇐⇒
S
(X,Y,Z)
F (X,Y,Z) = 0, where S
(X,Y,Z)
denotes the cyclic sum over X,Y,Z.
In this section we also need the following notion introduced in [7]:
Definition 3.1. Any (1,1)-tensor field T on a (semi-) Riemannian manifold (N,h)
is called harmonic if T viewed as an endomorphism field T : (TN, hC) −→ (TN, hC)
is a harmonic map, where hC denotes the complete lift (see [10]) of the (semi-)
Riemannian metric h.
We recall
Proposition 3.2. [7] Let (N,h) be a (semi-) Riemannian manifold and let ∇ be the
Levi-Civita connection of h. Then any (1,1)-tensor field T on (N,h) is harmonic if
and only if δT = 0, where
δT = traceh(∇T ) = traceh{(X,Y ) −→ (∇XT )Y }.
Further, if it is not otherwise stated, we assume that (M,∇) is an n-dimensional
manifold endowed with a symmetric linear connection ∇ (i. e. ∇ is torsion-free).
In [8] Sekizawa constructed a semi-Riemannian metric g at each point (x, ω) of the
cotangent bundle T ∗M of M by:
(3.2)
g(x,ω)(X
C , Y C) = −aω(∇XxY +∇YxX) + bω(Xx)ω(Yx),
g(x,ω)(X
C , αV ) = aαx(Xx),
g(x,ω)(α
V , βV ) = 0
for all vector fields X,Y and all differential 1-forms α, β on M , where a, b are ar-
bitrary constants. We may assume a > 0 without loss of generality. The semi-
Riemannian metric g defined by (3.2) is called a natural Riemann extension [5, 8].
When b 6= 0 g is called a proper natural Riemann extension. In the case when
a = 1 and b = 0 we obtain the notion of the classical Riemann extension defined by
Patterson and Walker (see [6, 9]). In [3] it is shown that g is of neutral signature
(n, n).
In [2] authors have constructed a canonical almost para-complex structure P on
T ∗M by PXC = XC and PαV = −αV , where XC and αV are the complete lift of
a vector field X and the vertical lift of a differential 1-form α on M , respectively.
5They proved that P is harmonic if and only if the natural Riemann extension g on
T ∗M is non-proper.
In this section we shall construct almost para-complex structures P and P1 on
T ∗M such that (P, g) and (P1, g1) are almost para-Hermitian structures on T
∗M ,
where g (resp. g1) is the proper (resp. non-proper) natural Riemann extension on
T ∗M . Moreover, we show that P and P1 are harmonic with respect to g and g1,
respectively.
The following conventions and formulas will be used later on.
Let T be an (1, 1) tensor field on a manifold M . Then the contracted vector field
C(T ) ∈ χ(T ∗M) is defined at any point (x, ω) ∈ T ∗M by its value on any evaluation
function as follows:
(3.3) C(T )(ZV )(x,ω) = (TZ)
V
(x,ω) = ω((TZ)x), Z ∈ χ(M).
For an 1-form α on M we denote by iα(T ) the 1-form on M , defined by
(3.4) (iα(T ))(Z) = α(TZ), Z ∈ χ(M).
By using (3.4) we obtain
(3.5) (iα(T ))
V (Z)V(x,ω) = (ω(T ))
V (Z)V(x,ω) = ω((TZ)x), Z ∈ χ(M).
Now, the equalities (3.3), (3.5) and Proposition 2.1 imply that at each point (x, ω) ∈
T ∗M the following equality holds
(3.6) C(T )(x,ω) = (ωx(T ))
V .
Also, at each point (x, ω) ∈ T ∗M we have
(3.7) W(x,ω) = (ωx)
V .
Taking into account (3.2), (3.6) and (3.7) we obtain
(3.8)
g(x,ω)(X
C , C(T )) = aωx((TX)x), g(x,ω)(W,α
V ) = 0,
g(x,ω)(W,W ) = g(x,ω)(W,C(T )) = g(x,ω)(C(T1), C(T2)) = 0,
where T1 and T2 are arbitrary (1, 1) tensor fields on M .
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For the Levi-Civita connection ∇ of the proper natural Riemann extension g we
get the formulas (see [5]):
(3.9)
(∇XCY C)(x,ω) = (∇XY )C(x,ω) + C((∇X)(∇Y ) + (∇Y )(∇X))(x,ω)
+C(R(.,X)Y +R(., Y )X)(x,ω)
− b
2a
{
ω(Y )XC + ω(X)Y C + 2ω(Y )C(∇X) + 2ω(X)C(∇Y )
+ω(∇XY +∇YX)W}(x,ω) +
b2
a2
ω(X)ω(Y )W(x,ω),
(∇XCβV )(x,ω) = (∇Xβ)V(x,ω) +
b
2a
{
ω(X)βV + β(X)W
}
(x,ω)
,
(∇αV Y C)(x,ω) = −(iα(∇Y ))V(x,ω) +
b
2a
{
ω(Y )αV + α(Y )W
}
(x,ω)
,
(∇αV βV )(x,ω) = 0, (∇XCW )(x,ω) = −C(∇X)(x,ω) +
b
a
ω(X)W(x,ω),
(∇αV W )(x,ω) = αV(x,ω), (∇WW )(x,ω) =W(x,ω),
where: XC , Y C and αV , βV are the complete lifts of the vector fields X,Y ∈ χ(M)
and the vertical lifts of the differential 1-forms α, β on M , respectively; C(∇X) ∈
χ(T ∗M) is the contracted (1, 1) tensor field ∇X onM , defined by (∇X)(Z) = ∇ZX,
Z ∈ χ(M); R is the curvature tensor of ∇ and C(R(.,X)Y ) is the contracted (1, 2)
tensor field R(.,X)Y on M given by (R(.,X)Y )(Z) = R(Z,X)Y ), Z ∈ χ(M).
On T ∗M endowed with a proper natural Riemann extension g we define the
endomorphism P by
(3.10)
PXC = XC + 2C(∇X)− b
a
XVW,
PαV = −αV .
Theorem 3.3. Let the total space of the cotangent bundle T ∗M of an n-dimensional
manifold (M,∇) be endowed with the proper natural Riemann extension g, defined
by (3.2), and the endomorphism P , defined by (3.10). Then (T ∗M,P, g) is an almost
para-Hermitian manifold. Moreover
(i) if M is not flat (resp. M is flat), then (T ∗M,P, g) is almost para-Ka¨hler (resp.
para-Ka¨hler);
(ii) P is harmonic on (T ∗M,g).
Proof. From (3.6), (3.7) and (3.10) it follows that
(3.11) P (C(∇X)) = −C(∇X), PW = −W.
By using (3.10) and (3.11) we see that P 6= Id and P 2 = Id. One can easily verify
that the eigendistributions of P corresponding to the eigenvalues ±1 of P have the
same rank. Hence, P is an almost para-complex structure on T ∗M . By direct
7calculations, using (3.2), (3.8) and (3.10) we obtain
g(PXC , PY C) = −g(XC , Y C), g(PXC , PαV ) = −g(XC , αV ),
g(PαV , PβV ) = −g(αV , βV ),
which means that (T ∗M,P, g) is an almost para-Hermitian manifold.
(i) Further, we find the tensor field F (X,Y ,Z) = g((∇XP )Y ,Z) on (T ∗M,P, g),
where X,Y ,Z ∈ χ(T ∗M). By using (3.2), (3.8), (3.9), (3.10) and (3.11) we obtain
(3.12)
F (x,ω)(X
C , Y C , ZC) = 2aω(Rx(Z, Y )X),
F (x,ω)(X
C , αV , ZC) = −F (x,ω)(XC , ZC , αV ) = 0,
F (x,ω)(α
V , βV , ZC) = −F (x,ω)(αV , , ZC , βV ) = 0,
F (x,ω)(α
V , Y C , ZC) = F (x,ω)(X
C , βV , γV ) = F (x,ω)(α
V , βV , γV ) = 0.
If M is flat, then from (3.12) it follows that F (XC +αV , Y C +βV , ZC + γV ) = 0 for
arbitrary XC + αV , Y C + βV , ZC + γV ∈ χ(T ∗M) which means that (T ∗M,P, g) is
para-Ka¨hler. In the case when M is not flat, then the equalities (3.12) and the first
identity of Bianchi for R imply
(3.13)
S
(XC+αV ,Y C+βV ,ZC+γV )
F (XC + αV , Y C + βV , ZC + γV ) =
S
(XC ,Y C ,ZC)
F (XC , Y C , ZC) = 2a S
(X,Y,Z)
ω(R(Z, Y )X) = 0,
i.e. (T ∗M,P, g) is an almost para-Ka¨hler manifold.
(ii) As an consequence from the characteristic condition S
(X,Y,Z)
F (X,Y,Z) = 0 of
an almost para-Ka¨hler manifold (N,P, g) and the properties (3.1) of F we obtain
F (PX,PY,Z) = F (X,Y,Z), X, Y, Z ∈ χ(N).
The last equality implies (∇XP )Y = (∇PXP )PY . Then if {e1, . . . , en, P e1, . . . , P en}
is an orthonormal basis on N , such that g(ei, ei) = −g(Pei, P ei) = 1 (i = 1, . . . , n),
for δP we have
δP = traceg∇P =
n∑
i=1
{(∇eiP )ei − (∇PeiP )Pei} = 0.
Hence, the almost para-complex structure P is harmonic on every almost para-
Ka¨hler manifold (N,P, g). In the case when (N,P, g) is para-Ka¨hler, then ∇P = 0
and δP = 0 holds too. 
Now, let us assume that T ∗M is endowed with a non-proper natural Riemann
extension g1, i.e. g1 is given by (3.2) and b = 0. We define the endomorphism P1 by
(3.14)
P1X
C = XC + 2C(∇X),
P1α
V = −αV .
By direct verification we establish that (P1, g1) is an almost para-Hermitian structure
on T ∗M which is obtained from the almost para-Hermitian structure (P, g) on T ∗M
by b = 0. Moreover, from (3.12) we see that the tensor F on (T ∗M,P, g) does not
depend on b. Therefore we obtain
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Theorem 3.4. Let the total space of the cotangent bundle T ∗M of an n-dimensional
manifold (M,∇) be endowed with the non-proper natural Riemann extension g1 and
the endomorphism P1, defined by (3.14). Then (T
∗M,P1, g1) is an almost para-
Hermitian manifold. Moreover
(i) if M is not flat (resp. M is flat), then (T ∗M,P1, g1) is almost para-Ka¨hler
(resp. para-Ka¨hler);
(ii) P1 is harmonic on (T
∗M,g1).
4. Almost paracontact metric structures induced by proper natural
Riemann extensions
In this section we will construct almost paracontact metric structures on hyper-
surfaces of almost para-Ka¨hler and para-Ka¨hler manifolds (T ∗M,P, g) considered in
§3.
A (2n+1)-dimensional smooth manifold M˜ has an almost paracontact structure
(ϕ, ξ, η) if it admits a tensor field ϕ of type (1, 1), a vector field ξ and a 1-form η
satisfying the following conditions:
ϕ2 = Id− η ⊗ ξ, η(ξ) = 1, ϕ(ξ) = 0.
As immediate consequences of the definition of the almost paracontact structure we
have that the endomorphism ϕ has rank 2n and η ◦ ϕ = 0. If a manifold M˜ with
(ϕ, ξ, η)-structure admits a pseudo-Riemannian metric g such that
g(ϕX,ϕY ) = −g(X,Y ) + η(X)η(Y ), X, Y ∈ χ(M˜)
then we say that M˜ has an almost paracontact metric structure and (M˜, ϕ, ξ, η, g)
is called an almost paracontact metric manifold. The metric g is called compatible
metric and it is necessarily of signature (n + 1, n). Setting Y = ξ, we have η(X) =
g(X, ξ).
The fundamental 2-form φ on (M˜, ϕ, ξ, η, g) is given by φ(X,Y ) = g(X,ϕY ) and
the tensor field F˜ of type (0, 3) is defined by
F˜ (X,Y,Z) = (∇˜φ)(X,Y,Z) = (∇˜Xφ)(Y,Z) = g((∇˜Xϕ)Y,Z),
where X,Y,Z ∈ χ(M˜) and ∇˜ is the Levi-Civita connection on M˜ . The tensor field
F˜ has the following properties:
F˜ (X,Y,Z) = −F˜ (X,Z, Y ),
F˜ (X,ϕY,ϕZ) = F˜ (X,Y,Z) + η(Y )F˜ (X,Z, ξ)− η(Z)F˜ (X,Y, ξ).
The following 1-forms are associated with F˜ :
θ(X) = gij F˜ (ei, ej ,X); θ
∗(X) = gij F˜ (ei, ϕej ,X); ω(X) = F˜ (ξ, ξ,X),
where {ei, ξ} (i = 1, . . . , 2n) is a basis of TM˜ , and (gij) is the inverse matrix of (gij).
An almost paracontact metric manifold is called
• normal if N(X,Y )− 2dη(X,Y )ξ = 0, where
N(X,Y ) = ϕ2[X,Y ] + [ϕX,ϕY ]− ϕ[ϕX,Y ]− ϕ[X,ϕY ]
9is the Nijenhuis torsion tensor of ϕ (see []);
• paracontact metric if φ = dη;
• α-para-Sasakian if (∇˜Xϕ)Y = α(g(X,Y )ξ − η(Y )X), where α 6= 0 is con-
stant;
• para-Sasakian if it is normal and paracontact metric;
• α-para-Kenmotsu if (∇˜Xϕ)Y = −α(g(X,ϕY )ξ + η(Y )ϕX), where α 6= 0 is
constant, in particular, para-Kenmotsu if α = −1;
• K-paracontact if it is paracontact and ξ is Killing vector field;
• quasi-para-Sasakian if it is normal and dφ = 0.
Twelve basic classes of almost paracontact metric manifolds with respect to the
tensor field F˜ were obtained in [12]. Further we give the characteristic conditions of
these classes:
(4.15)
G1 : F˜ (X,Y,Z) =
1
2(n− 1){g(X,ϕY )θ(ϕZ)− g(X,ϕZ)θ(ϕY )
−g(ϕX,ϕY )θ(ϕ2Z) + g(ϕX,ϕZ)θ(ϕ2Y )},
(4.16) G2 : F˜ (ϕX,ϕY,Z) = −F˜ (X,Y,Z), θ = 0,
(4.17) G3 : F˜ (ξ, Y, Z) = F˜ (X, ξ, Z) = 0, F˜ (X,Y,Z) = −F˜ (Y,X,Z),
(4.18) G4 : F˜ (ξ, Y, Z) = F˜ (X, ξ, Z) = 0, S
(X,Y,Z)
F˜ (X,Y,Z) = 0,
(4.19) G5 : F˜ (X,Y,Z) =
θ(ξ)
2n
{η(Y )g(ϕX,ϕZ) − η(Z)g(ϕX,ϕY )},
(4.20) G6 : F˜ (X,Y,Z) = −θ
∗(ξ)
2n
{η(Y )g(X,ϕZ) − η(Z)g(X,ϕY )},
(4.21)
G7 : F˜ (X,Y,Z) = −η(Y )F˜ (X,Z, ξ) + η(Z)F˜ (X,Y, ξ),
F˜ (X,Y, ξ) = −F˜ (Y,X, ξ) = −F˜ (ϕX,ϕY, ξ), θ∗(ξ) = 0,
(4.22)
G8 : F˜ (X,Y,Z) = −η(Y )F˜ (X,Z, ξ) + η(Z)F˜ (X,Y, ξ),
F˜ (X,Y, ξ) = F˜ (Y,X, ξ) = −F˜ (ϕX,ϕY, ξ), θ(ξ) = 0,
(4.23)
G9 : F˜ (X,Y,Z) = −η(Y )F˜ (X,Z, ξ) + η(Z)F˜ (X,Y, ξ),
F˜ (X,Y, ξ) = −F˜ (Y,X, ξ) = F˜ (ϕX,ϕY, ξ),
(4.24)
G10 : F˜ (X,Y,Z) = −η(Y )F˜ (X,Z, ξ) + η(Z)F˜ (X,Y, ξ),
F˜ (X,Y, ξ) = F˜ (Y,X, ξ) = F˜ (ϕX,ϕY, ξ),
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(4.25) G11 : F˜ (X,Y,Z) = η(X)F˜ (ξ, ϕY, ϕZ),
(4.26) G12 : F˜ (X,Y,Z) = η(X)
{
η(Y )F˜ (ξ, ξ, Z)− η(Z)F˜ (ξ, ξ, Y )
}
.
In [12] the classes of α-para-Sasakian, α-para-Kenmotsu, normal, paracontact met-
ric, para-Sasakian, K-paracontact and quasi-para-Sasakian manifolds are determ-
ined. Also, the classes of the 3-dimensional almost paracontact metric manifolds are
obtained. Here, we recall some of the theorems in [12] which we need.
Let G5 be the subclass of G5 which consists of all (2n + 1)-dimensional G5-
manifolds such that θ(ξ) = 2n (resp. θ(ξ) = −2n) by φ(X,Y ) = g(ϕX,Y ) (resp.
φ(X,Y ) = g(X,ϕY )).
Theorem 4.1. [12] A (2n + 1)-dimensional almost paracontact metric manifold
(M˜, ϕ, ξ,
η, g) is:
(i) paracontact metric if and only if M˜ belongs to the class G5 or to the classes
which are direct sums of G5 with G4 and G10;
(ii) para-Sasakian if and only if M˜ belongs to the class G5;
(iii) K-paracontact metric if and only if M˜ belongs to the classes G5 and G5⊕G4;
(iv) quasi-para-Sasakian if and only if M˜ belongs to the classes G5, G8 and
G5 ⊕G8.
Proposition 4.2. [12] The 3-dimensional almost paracontact metric manifolds be-
long to the classes G5, G6, G10, G12 and to the classes which are their direct sums.
Let (M,P, g) be a 2n-dimensional almost para-Hermitian manifold and M˜ be a
(2n−1)-dimensional differentiable hypersurface embeding inM such that the normal
vector field N to M˜ is a time-like unit, i.e. g(N,N) = −1. Hence, PN is a space-like
unit tangent vector field on M˜ . We denote the tangent and the normal component
of the transform vector field PX of an arbitrary tangent vector field X ∈ χ(M˜)
by ϕX and η(X)N , respectively. Then PX ∈ χ(M˜) has the unique decomposition
PX = ϕX + η(X)N , where ϕ is an (1, 1) tensor field on M˜ . The 1-form η on M˜ is
defined by η(X) = g(X,PN). So, at every point p ∈ M˜ is determined the structure
(ϕ, ξ, η, g), where
(4.27) ϕX = PX − η(X)N, ξ = PN, η(X) = g(X,PN), X ∈ χ(M˜)
and by g is denoted the restriction of g on M˜ . It is easy to check that (ϕ, ξ, η, g)
is an almost paracontact metric structure on M˜ , i.e. (M˜, ϕ, ξ, η, g) is a (2n − 1)-
dimensional almost paracontact metric manifold.
Let ∇ and ∇˜ be the Levi-Civita connections of the metrics g and g on M and M˜ ,
respectively. Then the formulas of Gauss and Weingarten are:
(4.28) ∇XY = ∇˜XY − g(ANX,Y )N, ∇XN = −ANX, X, Y ∈ χ(M˜ ),
where AN is the second fundamental tensor of M˜ corresponding to N .
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Using (4.27) and (4.28) we obtain
(4.29) F (X,Y,Z) = F˜ (X,Y,Z) − η(Y )g(ANX,Z) + η(Z)g(ANX,Y ),
(4.30) F (X,Y,N) = F˜ (X,ϕY, ξ) + g(ANX,ϕY ),
where X,Y,Z ∈ χ(M˜) and F , F˜ are the tensor fields on M and M˜ , defined by
F (X,Y,Z) = g((∇XP )Y,Z), F˜ (X,Y,Z) = g((∇˜Xϕ)Y,Z), respectively. Let us
assume that the n-dimensional manifoldM is endowed with both a symmetric linear
connection ∇ and with a globally defined nowhere zero vector field ξ which is parallel
with respect to ∇, i.e. ∇ξ = 0 and f is a function on M .
We consider the function f˜ : T ∗M −→ R defined by
f˜ = ξV + fV ,
or equivalently by f˜(x, ω) = ωx(ξx) + f(x) for any (x, ω) ∈ T ∗M .
Let
H˜t = f˜
−1(t) = {(x, ω) ∈ T ∗M : f˜(x, ω) = t, t ∈ R}
be the hypersurfaces level set in T ∗M , endowed with the restriction g of the proper
natural Riemann extension g on T ∗M , where f(x) 6= t at any point x in M .
For later use, we recall that the gradient of a real function F : N −→ R on a
(semi-) Riemannian manifold (N,h) is given by h(gradF,X) = dF (X), X ∈ χ(N)
and h is a (semi-) Riemannian metric on N . In [4] the following formula for the
gradient of the vertical lift ZV on T ∗M of Z ∈ χ(M) with respect to the proper
natural Riemann extension g on T ∗M is obtained:
(4.31) gradZV =
1
a
{
ZC + 2C(∇Z)− b
a
ZVW
}
.
Theorem 4.3. Let (M,∇) be a manifold endowed with a symmetric linear con-
nection ∇ inducing the proper natural Riemann extension g on T ∗M and f be a
function on M . If t ∈ R and f(x) 6= t at any point x in M , then:
(i) At any point (x, ω) of H˜t the gradient of the function f˜ is a normal vector
field to H˜t and it is given by
(4.32) gradf˜ =
1
a
{
ξC − b
a
ξVW + (df)V
}
.
(ii) The restriction g of g on H˜t is non-degenerate on H˜t, i.e. (H˜t, g) is a semi-
Riemannian hypersurface of T ∗M .
(iii) The vertical lift αV of an 1-form α on M and the complete lift XC of X ∈
χ(M) are tangent to H˜t if at any point (x, ω) ∈ H˜t they satisfy the conditions:
(4.33) αx(ξx) = 0, (Xf)(x) = ωx((∇ξX)x).
Proof. (i) By using g(gradf˜ , U) = (df˜)(U) for any tangent vector field U on T ∗M
and f˜(x, ω) = t ∈ R at any point (x, ω) ∈ H˜t, we obtain that g(gradf˜ , U) = 0 for
any vector field U on H˜t. Therefore, gradf˜ is a normal vector field to H˜t.
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From the definition of the function f˜ it follows that gradf˜ = gradξV + gradfV .
For gradξV , using (4.31) and taking into account that ∇ξ = 0, we have
gradξV =
1
a
{
ξC − b
a
ξVW
}
.
Now, let us assume that gradfV = Y C + θV , where Y ∈ χ(M) and θ is an 1-form on
M . Substituting gradfV = Y C + θV in the equality g(gradfV , αV ) = αV (fV ) = 0
we obtain aα(Y ) = 0 for any 1-form α on M , which implies Y = 0. Then from
g(gradfV ,XC) = g(θV ,XC) = aθ(X) and g(gradfV ,XC) = XC(fV ) = (Xf)V =
((df)X)V it follows that θ = 1
a
df . Hence, gradfV = 1
a
(df)V and (4.32) holds.
(ii) For the normal vector field gradf˜ to H˜t we compute g(gradf˜ , gradf˜) =
− b(ω(ξ))2
a2
, which shows that gradf˜ is time-like or space-like when b > 0 or b < 0,
respectively. Consequently, (ii) is proved.
(iii) αV and XC are tangent to H˜t if at any point (x, ω) ∈ H˜t g(gradf˜ ,XC) =
g(gradf˜ , αV ) = 0. By using (4.32) we obtain the equalities in (4.33). 
Further, we consider a hypersurface H˜t of (T
∗M,P, g) with a time-like unit normal
vector field N . According to Theorem 4.3, gradf˜ is a normal vector field to H˜t and
it is time-like if b > 0. Hence,
(4.34) N =
1√
bξV
{
ξC − b
a
ξVW + (df)V
}
.
Supplying H˜t with the almost paracontact metric structure defined by (4.27), we
have:
(4.35)
ξ =
1√
bξV
{
ξC − (df)V } , η(XC ) = − 2a√
bξV
(Xf)V +
√
bXV ,
ϕXC = XC + 2C(∇X)− 2a√
bξV
(Xf)VW − η(XC) 1√
bξV
{
ξC + (df)V
}
,
η(αV ) = 0, ϕαV = −αV .
Theorem 4.4. For the (2n − 1)-dimensional almost paracontact metric manifold
(H˜t, ϕ, ξ, η, g) of (T
∗M,P, g) with a time-like unit normal vector field N and an
almost paracontact metric structure given by (4.34) and (4.35), respectively, we have:
(i) If M is flat or dimM = 2, then H˜t ∈ G5 ⊕G10.
(ii) If M is not flat and dimM > 2, then H˜t ∈ G4 ⊕G5 ⊕G10.
In both cases (i) and (ii) H˜t is paracontact metric if and only if b = 4a
2.
Proof. From (4.29) for the tensor F˜ on H˜t we have
(4.36) F˜ (X˜, Y˜ , Z˜) = F (X˜, Y˜ , Z˜) + η(Y˜ )g(AN X˜, Z˜)− η(Z˜)g(AN X˜, Y˜ ),
13
where X˜, Y˜ , Z˜ ∈ χ(H˜t).
For arbitrary XC ∈ χ(H˜t) and αV ∈ χ(H˜t), using (3.9), we find
(4.37)
ANX
C = −∇XCN = −
1√
bξV
{
C(R(., ξ)X) + (∇Xdf)V
}
+
√
b
2a
{
XC + η(XC)ξ
}− 2(∇ξX)V√
b(ξV )2
(df)V ,
(4.38) ANα
V = −∇αV N =
√
b
2a
αV .
Next, we calculate
(4.39)
g(x,ω)(ANX
C , ZC) = − a√
bω(ξ)
{ω(R(Z, ξ)X) +X(Zf)
−(∇XZ)(f)}(x,ω) +
√
b
2a
{
g(XC , ZC) + η(XC)η(ZC)
}
(x,ω)
−
{
2aω(∇ξX)√
b(ω(ξ))2
(Zf)
}
(x,ω)
.
From the first identity of Bianchi and ∇ξ = 0 we get
(4.40) R(Z, ξ)X = R(X, ξ)Z, X, ξ, Z ∈ χ(M).
Since C(∇Z) is a vertical vector field on T ∗M and for XC ∈ χ(H˜t) the following
equality
(4.41) (∇ξX)V = (Xf)V
holds, we obtain
(4.42) ωx
((∇∇ξXZ)x) = C(∇Z) ((∇ξX)V )(x,ω) = C(∇Z) ((Xf)V )(x,ω) = 0.
The equalities (4.40) and (4.42) imply
(4.43) ωx(Rx(Z, ξ)X) = ωx ((∇X∇ξZ)x)− ωx ((∇ξ∇XZ)x) .
By using (4.41) and (4.42) we get
(4.44)
(X(Zf))x = X
C((Zf)V )(x,ω) = X
C((∇ξZ)V )(x,ω) = [X,∇ξZ]V(x,ω)
= ωx ((∇X∇ξZ)x) .
Now, we substitute (4.44) and ((∇XZ)(f))x = ωx ((∇ξ∇XZ)x) in (4.39). Then,
taking into account (4.33) and (4.43), the equality (4.39) becomes
g(x,ω)(ANX
C , ZC) = − 2a√
bω(ξ)
{ω(R(Z, ξ)X)}(x,ω)
+
√
b
2a
{
g(XC , ZC) + η(XC)η(ZC)
}
(x,ω)
−
{
2a√
b(ω(ξ))2
(Xf)(Zf)
}
(x,ω)
.
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By using (3.12), (4.36) and the above equality we obtain
(4.45)
F˜(x,ω)(X
C , Y C , ZC) =
2a√
bω(ξ)
{√
bω(ξ)ω(R(Z, Y )X)
−ω(R(Z, ξ)X)η(Y C) + ω(R(Y, ξ)X)η(ZC )}
(x,ω)
+
√
b
2a
{
g(XC , ZC)η(Y C)− g(XC , Y C)η(ZC)}
(x,ω)
+
2a√
b(ω(ξ))2
{−(Xf)(Zf)η(Y C) + (Xf)(Y f)η(ZC)}
(x,ω)
.
After standard calculations , using (4.37) and (4.38), we find
(4.46)
F˜(x,ω)(X
C , Y C , γV ) =
√
b
2
(
γ(X)η(Y C)
)
(x,ω)
,
F˜(x,ω)(α
V , Y C , ZC) =
√
b
2
(
α(Z)η(Y C)− α(Y )η(ZC))
(x,ω)
,
F˜(x,ω)(α
V , βV , ZC) = F˜(x,ω)(X
C , βV , γV ) = F˜(x,ω)(α
V , βV , γV ) = 0.
Finally, using (4.45) and (4.46), we obtain
(4.47)
F˜(x,ω)(X
C + αV , Y C + βV , ZC + γV )
=
(
F˜ ′ + F˜
′′
+ F˜
′′′
)
(x,ω)
(XC + αV , Y C + βV , ZC + γV ),
where
(4.48)
F˜ ′(x,ω)(X
C + αV , Y C + βV , ZC + γV ) =
2a√
bω(ξ)
{√
bω(ξ)ω(R(Z, Y )X)
−ω(R(Z, ξ)X)η(Y C) + ω(R(Y, ξ)X)η(ZC )}
(x,ω)
,
(4.49)
F˜
′′
(x,ω)(X
C + αV , Y C + βV , ZC + γV )
= −
√
b
2a
{−η(Y C) [g(XC , ZC) + aα(Z) + aγ(X)]
+η(ZC)
[
g(XC , Y C) + aα(Y ) + aβ(X)
]}
(x,ω)
,
(4.50)
F˜
′′′
(x,ω)(X
C + αV , Y C + βV , ZC + γV )
=
2a√
b(ω(ξ))2
{−(Xf)(Zf)η(Y C) + (Xf)(Y f)η(ZC)}
(x,ω)
.
By direct calculations we verify that for F˜ ′, F˜
′′
and F˜
′′′
the conditions (4.18), (4.19)
and (4.24) hold, respectively.
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(i) The assumption that M is flat implies F˜ ′ = 0. If dimM = 2, then dimH˜t = 3
and from Proposition 4.2 it follows that F˜ ′ vanishes too. Hence, F˜ = F˜
′′
+F˜
′′′
which
means that H˜t belongs to the class G5 ⊕G10.
(ii) In the case when M is not flat and dimM > 2 we have F˜ = F˜ ′ + F˜
′′
+ F˜
′′′
.
Therefore H˜t ∈ G4 ⊕G5 ⊕G10.
According to the assertion (i) from Theorem 4.1, H˜t is paracontact metric in both
cases (i) and (ii) if and only if G5 = G5. From (4.49) we find θF˜ ′′ (ξ) = −
(n− 1)
√
b
a
.
Taking into account the definition of G5 in the case when φ(X,Y ) = g(X,ϕY ), we
conclude that F˜
′′
satisfies the characteristic condition of the class G5 if and only
if −(n− 1)
√
b
a
= −2(n − 1). The last equality is equivalent to b = 4a2, which
completes the proof. 
Now, we consider the function f¯ : T ∗M −→ R defined in [3] by
f¯ = ξV ,
or equivalently by f¯(x, ω) = ωx(ξx) for any (x, ω) ∈ T ∗M .
Let
Ht = f¯
−1(t) = {(x, ω) ∈ T ∗M : f¯(x, ω) = t, t ∈ R \ {0}}
be the hypersurfaces level set in T ∗M , endowed with the restriction g of the proper
natural Riemann extension g on T ∗M .
We note that the hypersurfaces level set Ht in T
∗M defined in [3] is a particular
case from the set H˜t which is obtained by f = const. In [3] it is shown that:
(1) At any point (x, ω) of Ht the gradient of the function f¯ is a normal vector
field to Ht and it is given by
gradf¯ =
1
a
{
ξC − b
a
ξVW
}
.
(2) The restriction g of g on Ht is non-degenerate on Ht, i.e. (Ht, g) is a semi-
Riemannian hypersurface of T ∗M .
(3) The vertical lift αV of an 1-form α onM and the complete liftXC ofX ∈ χ(M)
are tangent to Ht if at any point (x, ω) ∈ Ht they satisfy the conditions:
(4.51) αx(ξx) = 0, ωx((∇ξX)x) = 0.
We remark that the above three results are immediate consequences from The-
orem 4.3.
From (4.34) we obtain that by b > 0 the vector field N given by
(4.52) N =
1√
bξV
{
ξC − b
a
ξVW
}
is a time-like unit normal vector field to Ht. We endow the hypersurface Ht of
(T ∗M,P, g) with the almost paracontact metric structure defined by (4.27). By
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using (4.35) we get:
(4.53)
ξ =
1√
bξV
ξC , η(XC ) =
√
bXV , η(αV ) = 0
ϕXC = XC + 2C(∇X)− X
V
ξV
ξC , ϕαV = −αV .
Theorem 4.5. For the (2n − 1)-dimensional almost paracontact metric manifold
(Ht, ϕ, ξ, η, g) of (T
∗M,P, g) with a time-like unit normal vector field N and an
almost paracontact metric structure given by (4.52) and (4.53), respectively, we have:
(i) If M is flat or dimM = 2, then Ht ∈ G5 and hence Ht is quasi-para-Sasakian.
In this case Ht is para-Sasakian if and only if b = 4a
2.
(ii) If M is not flat and dimM > 2, then Ht ∈ G4 ⊕ G5. In this case Ht is
K-paracontact metric if and only if b = 4a2.
Proof. We find the tensor field F˜ of Ht by using (4.47), (4.48), (4.49) and (4.50),
taking into account that f = const. For arbitrary XC ∈ χ(Ht) the equality (4.51)
implies ∇ξX = 0, X ∈ χ(M). From the last equality and ∇ξ = 0 it follows that
R(Z, ξ)X = R(X, ξ)Z = 0, X, ξ, Z ∈ χ(M). Then the tensor field F˜ ′, defined by
(4.48), becomes
(4.54) F˜ ′(x,ω)(X
C + αV , Y C + βV , ZC + γV ) = 2aωx(Rx(Z, Y )X).
One can easily check that F˜ ′ given by (4.54) satisfies (4.18). Since f = const the
tensor field F˜
′′′
, defined by (4.50), vanishes. Consequently, for the tensor field F˜ of
Ht we have
(4.55)
F˜(x,ω)(X
C + αV , Y C + βV , ZC + γV )
=
(
F˜ ′ + F˜
′′
)
(x,ω)
(XC + αV , Y C + βV , ZC + γV ),
where F˜ ′ and F˜
′′
are determined by (4.54) and (4.49), respectively.
(i) Let us assume that M is flat or dimM = 2. Then F˜ ′ = 0 and from (4.55) we
obtain that Ht ∈ G5. Hence, according to the assertion (iv) from Theorem 4.1, Ht
is quasi-para-Sasakian. Applying the assertion (ii) from Theorem 4.1 we conclude
that Ht is para-Sasakian if and only if G5 = G5. Analogously as in Theorem 4.4 we
establish that it is equivalent to b = 4a2.
(ii) In the case when M is not flat and dimM > 2 the equality (4.55) holds which
means that Ht ∈ G4⊕G5. By using the assertion (iii) from Theorem 4.1 we complete
the proof. 
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